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ABSTRACT 
Locally nonsimilar solutions f o r  r ad ia t ing  shock layers about smooth axisymmetric 
bodies have been obtained based on a newly developed approximate method. I n  
I t h i s  method, nonsimilar terms i n   t h e  governing  equations  are  defined as dependent 
var iables;  model equat ions are  der ived for these variables.  Solutions based 
on  th i s  method a r e  compared with numerical  ones for inviscid case's (both 
rad ia t ing  and nonradiating) and compared with a s e r i e s  s o l u t i o n  f o r  t h e  
radiat ing viscous case.  Agreements  were  found t o  be exce l l en t  i n  a l l  the 
comparisons. 
Typical  solut ions are  given for  the nongrey radiat ing shock layer about a 
body associated with a given axisymmetric shock. It was found t h a t  i n  the inviscil  
case,  the effect  of  radiat ive cool ing i s  to  destroy the entropy layer ;  t h a t  a t  
a d i s t a n c e  f a r  from the stagnation point,  the shock layer  i s  nearly isothermal 
in  the  inv isc id  case ;  and  tha t  the  rad ia t ive  wall flux in  the viscous case 
approaches t h a t  of  the inviscid case a t  a d i s t ance  f a r  downstream of the 
s tagnat ion point .  
Solution f o r  a nonradiating case with surface mass in j ec t ion  is  also presented 
t o  show the  f eas ib i l i t y  o f  t he  p re sen t  method in  handl ing  the  mass in j ec t ion  
problem. 
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Section 1 
INTRODUCTION 
I n  an e a r l y  s t u d y  ( R e f .  l), a Blasius type series formulation was employed t o  
ob ta in  the  so lu t ions  fo r  t he  th in  shock layer flow about a sphere. Due t o  t h e  
l imitation of the radius of convergence of the series,  the solutions obtained 
are  va l id  only  in  the  subsonic  por t ion  of t he  nose region. In examining the 
f eas ib i l i t y  o f  ex tend ing  the  series s o l u t i o n  t o  a dis tance far from the s tagnat ion 
point ,  the  ser ies  formulat ion 'was found t o  be ineffect ive.  This  was due t o  t h e  
slow convergence of the series in predicting the growing of the entropy layer and 
t h e  d i f f i c u l t i e s  i n  expanding  the  absorption  coefficients.  Recently,  Olstad 
(Ref. 2 )  obtained the inviscid radiat ing shock layer  so lu t ion  for  a 45" blunted 
cone by Maslen's method (Ref. 3) of marching along a streamline. This marching 
scheme,  however,  cannot r ead i ly  be app l i ed  to  the viscous  case.  Furthermore, 
in  the  case  of  sur face  mass in jec t ion ,  the  inv isc id  model is  too crude even i n  t h e  
stagnation  region. To date ,  therefore ,  a viscous radiat ing shock layer  so lu t ion  
f o r  a smooth axisymmetric body a t  d i s t a n c e  f a r  downstream from the s tagnat ion 
region is  y e t  t o  be obtained, and most important ly ,  the effect  of  surface mass 
i n j ec t ion  on the  hea t ing  d is t r ibu t ion  far from the s tagnat ion point  i s  not  yet  
quite understood. 
In the present study, we w i l l  present an approximate method of s o l u t i o n  f o r  a 
t h i n  shock layer  about  a smooth body, which w i l l  be shown t o  be appl icable  
-1- 
t o  b o t h  i n v i s c i d  and viscous cases with o r  without surface mass in jec t ion .  The 
essence of the  present  method i s  t o  treat the nonsimilar  terms i n   t h e  governing 
equations as new variables .  Model equations are der ived  for  these  new variables .  
A set of coupled d i f f e ren t i a l  equa t ions  is  then obtained and solutions are t o  
be  sought locally.  This concept of local nonsimilari ty has been tested ex- 
t e n s i v e l y   i n  t h e  boundary layer   theory.* A similar method w a s  a l s o  
developed by Sparrow e t  a l .  ( R e f .  4)  t o  o b t a i n  s o l u t i o n s  f o r  two-dimensional 
incompressible boundary layer flow. The success  of  th i s  method i n  t r e a t i n g  
the boundary layer flow indicates that  it may a l s o  be  success fu l  i n  t r ea t ing  the  
shock l aye r  problem, since both the boundary layer equation and the thin 
shock layer  equat ion are  of  parabol ic  type.  However, the  va l id i ty  of  the  
method can only be established by comparisons with known correct  solut ions.  
I n  t h i s  r e p o r t ,  we w i l l  include  the  following  comparisons:  comparisons  with 
previous series solutions and comparisons with Olstad's numerical solutions 
for inviscid cases with and without radiative transport .  
The present method is  an inverse method. Namely, the  shock  shape i s  given 
and the body which supports the given shock i s  calculated from the mass 
conservation condition. The method can a l s o  be used as a d i r e c t  method. 
I n  t h i s  c a s e ,  a n  i n i t i a l  shock shape has t o  be f i r s t l y  assumed, t hen  i t e r a t ed  on u n t i  
a converged  shock  shape is  found. The most a t t rac t ive  aspec t  of  the  present  
method is  tha t  t he  so lu t ion  i s  t o  be sought locally. The o r i g i n a l  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n  i s  now t r ea t ed  as a system of  ordinary different ia l  
equations. Furthermore, the method is  quite simple in concept and application. 
* 
Y. S. Chou, unpublished work. 
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The following assumptions are employed i n  t h i s  s t u d y :  
(1) Thin shock layer  equat ion i s  adequate fo r  t he  desc r ip t ion  of  the  f low f ie ld .  
( 2 )  Quasi-one-dimensional radiative transfer i s  adequate  for  the descr ipt ion of  
r a d i a t i o n   f i e l d .  
(3)  The a i r  continuum radiation absorption coefficient can be approximated by 
a three-band model 
( 4 )  The Prandt l  number and  v iscos i ty  dens i ty  ra t io  are taken as constant. 
(5 )  The surface mass in j ec t ion  is  specif ied.  
( 6 )  The wall i s  cold so that thermal emission from wall i s  neglected. 
Assumptions (1) and ( 2 )  a r e  f e l t  t o  be e s sen t i a l  fo r  t he  p re sen t  method. Since, 
without these assumptions, the f u l l  r a d i a t i n g  shock layer  equat ions are  of 
e l l i p t i c  t y p e  and  there i s  no previous experience to suggest the validity of 
the present method in  hand l ing  an  e l l i p t i c  system.  Furthermore, it i s  f e l t  t h a t  
f o r   e l l i p t i c  systems, both upstream and downstream influences w i l l  probably not 
be small; in  th i s  ca se ,  t he  app l i ca t ion  of the locally nonsimilar concept may not 
be  successful. For a rad ia t ing  shock layer ,  however,  assumption (1) i s  widely 
used  and  believed t o  be va l id .  Assumption ( 2 )  i s  shown (Ref. 5) t o  be s u f f i c i e n t l y  
accurate.  Assumption (3)  i s  not   essent ia l .  One can model the a i r  continuum 
radia t ion  by more than three bands,  but  analyt ic  descr ipt ions for  each band are 
necessary for the  present  method.  Assumptions ( 4 )  through (6 )  are used f o r  t h e  
purpose of simplicity in computation. They can  be readily relaxed. 
-3- 
Section 2 
METHOD OF 'ANALYSIS 
2 . 1  GOVERNING EQUATIONS 
The fluid conservation equations for axisymmetric bodies,  writ ten in a shock 
oriented coordinate system (Fig. 1) and va l id  t o  order  ( sRe)-', are (Ref. 6 )  : 
0 0 
The  ymomentum equation (Eq. ( 3 ) )  w i l l  be fu r the r  s impl i f i ed  by retaining only 
the terms of order.unity (see Ref. 6 for order of magnitude analysis). Consequently, 
Eq. (3)  w i l l  be replaced by 
The r a d i a t i o n  f i e l d  i s  coupled with the fluid mechanics through the 
i n t e g r a l  term in the energy equation, which represents the radiative energy loss 
or gain per unit volume. In  seeking solut ions of the radiat ive t ransfer  equat ion,  
we w i l l  use the differential  approximation. We w i l l  a l s o  invoke the thin shock 
layer approximation, namely - < < a . Under these approximations, the a ax a Y  
-4- 
Fig. 1 Sketch of Geometry 
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integral  radiative  transfer  equation  is  reduced  to  the  following  differential 
equations : 
The  validity of Eqs. (ba) and (hb)  is  discussed  in  Refs. 1 and  5.  The  absorption 
coefficient  for air continuum a is  modeled  by  a  three-band  model.  Under 
this  model  and  after  the  frequency  integration, E q s .  ( h a )  and  (bb)  become  (in 
a  given  band  i ) : 
W 
" 
aY 
- -ai( Io - hBi) 
i 
and  the  radiation  integral  in  energy 
(5b) 
equation  becomes 
dv = ai ( (Io)i- 4~rB.) 
i 1 
The  detail  of  the  three-band  model  and  the  explicit  expression  of CY as
functions  of  temperature  are  given  in  Ref. 1. Here  we will just  simply  assume 
i 
that  they  are  known  functions  of  thermodynamics  variables. 
We  now  proceed  to  normalize  the  variables.  The  distance  x,y  and  the 
distance  from  the  axis  are  normalized  by  the  stagnation  point  shock  radius 
Rs , the  velocity  u,v  by  the  freestream  velocity uoD , the  density p 
by  the  freestream  density p, , the  pressure P by  twice  the  freestream 
-6- 
kinet ic   pressure pmum2 , the  shock  curvature k by l /Rs  t he   t o t a l   en tha lpy  
H as wel l  as the   s t a t i c   en tha lpy  h by Hs , the  stream funct ion $ by 
p u R , the temperature by the temperature immediately behind the norun1 
shock Ts(o) , t he  v i scos i ty  by i ts  value immediately behind the normal 
shock ps ( 0 )  , and f ina l ly ,  Io, B are a l l  normalized by the quantity 
( kTs( 0 ) )  /h c . From here on, the equat ions are  a l l  writ ten . in nondimensional 
form. 
m m s  
qY' 
4 3 2  
We introduce new independent  variables 5 and 7 , defined as 
<(x) = e lpspsdx  > ~ ( x , Y )  =q Jr , dJr = - purdy+pvrkdx . 
S 
0 
The conservation equations and radiative equations can then be written in 5,'ll 
coordinate as n 
" - kurs 
a7 
Expressions  for  adiation  parameters Xi and ri ( these   a r e   cons t an t s   fo r  
given body s i ze  and freestream condi t ions)  are  given in  Ref. 1. For the sake 
of s implici ty ,  from here on we w i l l  write qi = ( 4  Ii , = ( 1 ~ 1 ~  and 
rl - 
= -  'Re A de ta i led   d i scuss ion  on the  equat ions  of   s ta te  i s  also given 
N .  
i n  Ref. 1. We simply l i s t  the  s ta te  equat ions  as follows 
1 
Now Eqs. (6) through ( 1 2 )  a r e  t o  be solved by sa t i s fy ing  the  proper  boundary 
conditions. The boundary condi t ions  for  the  f low f ie ld  are given as follows: 
A t  t he  shock 
g = -  I. , u = u P = P , H = H and Ii - 2q.= 0 f o r  a l l  i ; s J  S S 1 
A t  the  body 
7\ = $,  u = 0 , H = H  and Ii + 2qi = 0 f o r  a l l  i 
W 
where us , H ~  ,ps , pS are given by obl ique shock relat ions.  In  these boundary 
conditions, we have assumed that the gas ahead of the shock and the body 
are  co ld  so tha t  t he re  is no thermal emission. We also note  that the  boundary 
condition a t  body includes  the  surface mass in j ec t ion ,  i . e . ,  7\, o in   genera l .  
I n  o r d e r  t o  s i m p l i f y  t h e  computation further, we replace the r ight  hand s ide  
of Eq. (7) by i ts  value at shock. This i s  genera l ly  re fer red  to  as Maslen's 
approximation  (Ref. 3). This approximation i s  be l i eved  to  be not  val id  in  
the stagnation region (Ref. 7). In the appendix,  however, we w i l l  show t h a t  t h i s  
approximation is consistent with the thin shock layer approximation. Under 
t h i s  approximation, the pressure field is given b y  
-8- 
Let us now define f = - . After using Eq. (13) one can obtain an equation 
for f from Eq. (6). 1.Je then rmite dolm the f i n a l  form of t h e  x-momentum 
equation as follows 
U 
U 
S 
vhere f2  - - and B, t o  B are parameters. These are .defined as af2 s - a s  5 
drS B, = r /- 
s dS 
B 4 = $ + -  ksxs 
U 
s 
We note that all t h e  B's are functions of shock  shape  alone. Hence, for an 
inverse problem, B ' s  are a l l  given  parameters. The boundary condition for 
f is simply f = 1 at the shock,  and f = 0 (no   s l i p )  a t  the wall. Similarly,  
the energy equation can be rewritten as follows 
- 9- 
where H = - aH 
5 as 
The system of equations t o  be solved are  thus Eqs. (9) ,  (lo), (ll), (le), 
(14) and (16).  One immediately  observes  from  Eqs. (14) and (16) tha t  the  only  
nonsimilar terms which prevent  the exis tence of  local  solut ions are  f2  5 
and H (we note  because  of  the  quase-one  dimensional  radiative  transfer 
approximation, the radiative transfer equations,  Eqs .  ( 9 )  and (lo), are  essen-  
5 
2.2 MODEL EQUATIONS FOR NONSIMILAR TERMS I N  THE MOMENTUM AND ENERGY EQUATIONS 
We w i l l  now define B,ft and H B ,1 as new var iab les .  We proceed to   der ive  
model equat ions   for  B1fS2 and BlH5 . Let us f i rs t  consider B1fg2 - 
One obvious way to  obta in  an  equat ion  for  ,6 f ' i s  by d i f f e r e n t i a t i n g  
Eq.  ( 1 4 )  wi th   respec t   to  5 and  multiplying  the  result ing  equation by 
We obtain 
1 5  
$1 2 where F = f = B f f  . The subscr ipt  5 i n  Eq. (17) denotes   par t ia l  
- 5  1 5  
der iva t ive   wi th   respec t   to  5 . 
A higher  order  term F appears   in  Eq. (17).  The system,  therefore,  can 
never be closed unless  this  higher  order  term is  e l imina ted .  In  th i s  s tudy ,  
we w i l l  t runcate  the  higher  order  term F But i n   a d d i t i o n   t o   t h i s  
s 
5'  
-10- 
t runcat ion,  we w i l l  a l s o  modify some of the parameters which appear  in  
Eq. (17). TO determine which of  the  parameters are t o  be  modified  and how t o  . 
modify them, we have t o  understand the source of the nonsimilarity of the 
present shock layer flow. For constant wall condi t ions ( including constant  
w a l l  temperature and constant surface mass in j ec t ion ) ,  t he re  are two sources 
of nonsimilari ty.  One i s  the pressure gradient imposed by the shock which is 
d i r ec t ly  p ropor t iona l  t o  ‘lnus and is  represented by the  parameter 8,; the  
o ther  i s  the pressure gradient induced by the centr i fugal  force as represented 
d5 
by  the  parameters B3 and B4 . The centr i fugal   pressure  gradient  w i l l  be 
important only in a thin layer near the surface (Ref.  8 ; .  Hence, the primary 
reason for the  f low outs ide the entropy layer  to  be nonsimilar i s  due t o  t h e  
pressure gradient imposed  by  shock. In  o the r  words, outs ide the entropy layer ,  
F is  nonzero,  primarily due t o  t h e  f a c t  t h a t  !%%) i s  nonzero.  Therefore, 5 a52 
i n   o r d e r   t o  be  consistent  with  the  truncation  of F the  term  proportional 5 ’  
t o   i n t h e   e x p r e s s i o n   f o r  $,$25 must a l s o  be truncated. Based on t h i s  d2lnu 
dE2 
argument, it is  then  c lear   that   the   parameter  B,B25 which appears   in  Eq.  (17) 
i s  t o  be  modified. We w i l l  replace B,B25 i n  Eq. (17) by B6, and def ine 
as 
’6 
86 = 81sB2 - 1 (18) 
We note   that   f rom  the  def ini t ions  of  B, 8, (Eq. ( 1 5 ) )  and B t h a t  we f ind  
r )  25’ 
dLlnuS 
dE2 
B,5B, = B,B,5 - . Hence, B6 is  simply  equal  to 8 8 minus the  higher 
1 25 
order  5-derivative  term  plus a constant.  The constant one i n  Eq. (18) 
~~ d 
is  in t roduced   in   the   express ion   for  B6 t o   ensu re   t ha t  B6 i s  e q u a l   t o  
B,B,5 a t  stagnation  point  (which i s  zero) .  We note a t  s tagnat ion  point  
B15 = 1 and 8, = 1. 
-11- 
B7 , and  efine B7 as: 
B7 = 
The expression  for  B7 i s  
du  d2u 
s 
obta ined  f rom the  re la t ion  tha t  = 0 f o r  a l l  5 . 
B2 5 
This  can  be  demonstrated as follows: from  Eq. (15) we have 
I f  f325 = 0 f o r  a l l  5 , it then  implies B2 = Eq. (19). The .physical  
reason  for  the  successfu l  appl ica t ion  of  the  Eq. (19) is ,  however, not clear.  
Based  on above considerations,  we therefore propose the following model 
equation for F : 
The model equation we have proposed here (Eq.  (20)) i s  e s s e n t i a l l y  a l o c a l  similar 
equat ion  for  F under an effective pressure gradient which i s  d i f f e ren t  from the 
pressure gradient imposed  by the shock. The v a l i d i t y  of this equation cannot be 
argued rigorously. It can only be es tab l i shed  by comparison with existing correct 
solutions.  Therefore, it is the major purpose  of this  report  to  demonstrate  the 
model equation (20). 
-12- 
We w i l l  now consider the energy equation. Again we obtain an equat ion for  
BlH5 by d i f f e r e n t i a t i n g  Eq. (16) wi th   respec t   to  (, and mult iplying  the 
resu l t ing   equat ion  by 8, . We obtain 
- 
where H5 = BlH5 , - H 55  = (8,HS)5 * 
And again a higher  order  term 6 E appears i n  Eq.  (21 ) .  We . 
now claim that,  unlike the higher order term in the momentum Eq. (14 )  , the  
term  can be  simply  truncated. T h i s  is so because  of the  following 
argument.  For  constant w a l l  temperature  and  quasi-one-dimensional  radiative 
t ransport ,  there  i s  no external source of nonsimilar i ty  for  temperature  f ie ld .  
The nonsimilar i ty  in  temperature  f ie ld  i s  primarily due to  nons imi l a r i t y  in  
ve loc i ty  f i e ld .  The re fo re ,  t o  be cons i s t en t  w i th  the  ve loc i ty  f i e ld ,  fo r  
which we have derived a l o c a l l y  similar equat ion for  F , we w i l l  assume H 
t o  be loca l ly  similar and assLime i n  Eq. (21) t h a t  
1 55 
5 5  
- 
5 
- 
H ' 0 ,  F E O  
55  (22) 
The equat ion  for  the  term - i n  Eq. (21) is obtained  simply by d i f f e r e n t i a t i n g  a7 
Eq. (9) and (10) wi th   r e spec t   o  5 . This  equation i s  
-13- 
with 
We have now complete1 
- 3hi 
a our 
terms. They are Eqs .  (20) 
A t  shock: 
der ivat ion of  the model equat ions for  the nonsimilar  
t o  ( 2 4 ) .  The boundary conditions are: 
F = H = 0 , Ii5 - 2qi5 = 0 f o r  a l l  i - 
5 
A t  wall: 
F = o ( n o  s l i p ) ,  E = o (constant  w a l l  temperature) 
5 
and I + 2qi5 = 0 f o r  a l l  i 
i5 
This s e t  of equations j.s t o  be coupled with E q s .  (9), (lo), (ll), 
(12), (14 )  and (16).  We n o t e  t h a t  t h i s  is  a s e t  of ordinary 
d i f fe ren t ia t ing   equat iDns .   Solu t ions   a reto  be sought  locally. 
A l l  the parameters appearing in the equations are functions of l o c a l  shock 
conditions.  We a l so   no te   t ha t   i n   t he   ca l cu la t ion  o f  B and a 
we w i l l  need the expression of T This again can be obtained by d i f f e r -  
e n t i a t i n g  Eq. (12)  wi th   respec t   to  5 . 
i 5  is  ' 
5 .  
- 14- 
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Section 3 
METHOD OF SOLUTION 
3 .1  F O m  SOLUTION FOR RADIATION FIELD 
Let us def ine   op t ica l   depth  Ti as 
It can  be shown tha t  t he  so lu t ions  to  Eqs. (9 ) ,  (lo), (23) and (24)  are given 
i n  terms of T as i 
JT T i  -8 T i  
q .  = D  e + D  e 
1 i,l i , 2  + Q (ai,l+Ji,2 1 
0 
-15- 
-a 
Ai,2 = e dT 
0 
B. 
For a given temperature and p res su re  f i e ld ,  t he  r ad ia t ion  f i e ld  i s  therefore  
given by a s t ra ightforward integrat ion.  
3.2 INVISCID CASE 
When  Re -, m , no s t re tching  of   the x coordinate is necessary.  Therefore, 
5 = x and the  momentum and energy equations become 
-16- 
where u = f 2  and 
a p ro f i l e   o f  H and H then from 
and from Eqs. (25) and (26), we 
2 U2% = fg . 
5 ’  
25 
In seeking the solut ion,  w e  f i rs t  assume 
Eqs. (27) and ( 2 8 ) ,  we obtain u,, and 
c asi 
obtain  the  prof i les   of  - 5 and -all a7 * 
Using  these  profiles,  we can  obtain new p r o f i l e s   f o r  H and H from E q s .  (29) 
and ( 3 0 ) .  We keep   i t e ra t ing  on H and H un t i l   they   converge .   In   the  
integration of Eqs.  ( 2 7 )  t o  ( 3 0 ) ,  however, s i n g u l a r i t i e s  e x i s t  a t  the  w a l l  
due t o  t h e  f a c t  t h a t  ‘ll = 0 at  the  w a l l .  This i s  an   in tegrable   s ingular i ty  
and i s  a node point .  In  the actual  computat ion in  order  to  avoid numerical  
d i f f i c u l t i e s ,  w e  c a r r i e d   t h e   i n t e g r a t i o n   t o  7 = 10 i n s t e a d   o f   t o  q = 0. 
The ef fec t  o f  th i s  approximat ion  on  the  rad ia t ive  f lux  to  the  w a l l  i s  negl ig ib ly  
small. The boundary conditions a t  wall are abandoned fo r  i nv i sc id  cases .  
5 
5 
-4 
- 17- 
3.3 VISCOUS CASE WITHOUT SURFACE MASS INJECTION 
For a viscous case, it i s  found t o  be convenient to introduce another inde- 
pendent variable u) , defined as 
du, = 
dTJ 
hence  the  range  of ~JJ w i l l  be from  zero t o  one. 
I n  terms  of w , a formal  solution  can be obta ined  for  f as 
f = G1(w) + CfG2(w)  
0 0  
w '  
Similarly,  one can write down the formal solution 
equation H and H as follows: 5 
F = G ( w )  + CfG4(w) 3 
for F and for   the  energy 
(34) 
with 2FewsBs $ldw ' 
G =J e W '  gFdw ' ' 
3 
0 0 
. 
w '  ' 
- 19- 
where 
- 
HSw = B, ag aH a t  w a l l .  
In  seeking  the  so lu t ion  to  E q s .  (31) t o  (38), we f i r s t  guess  the prof i les  
(as function  of m ) of f ,  F, H and  Using these  guessed  profiles,  
one can calculate  the radiat ion f ie ld ,  and the new p r o f i l e s  from E q s .  (31) 
through (38). One, therefore ,  has  to  i terate on these  p ro f i l e s  un t i l  t hey  
converge t o  a so lu t ion .  
5 -  
3.4  VISCOUS CASE WITH CONSTANT SURFACE MASS INJECTION 
e 0 
may  become exponent ia l ly  large.  If t h i s  happens, we w i l l  have numerical accuracy 
-20- 
problems  and so lu t ions  become ext remely  d i f f icu l t  to  ob ta in .  Phys ica l ly ,  
i f  t he  in j ec t ion  rate i s  too large,  such that the boundary layer i s  e f f ec t ive ly  
blowing of f  the  wall, we w i l l  e s s e n t i a l l y  have a shock layer  which cons is t s  
of  an inviscid inner  layer  near  the w a l l ,  an  inviscid outer  layer  near  the 
shock,  and a v i scous  l aye r  i n  between. If one integrates  the equat ion from 
wall t o  shock or vice versa, it i s  then equivalent  to  seek a s o l u t i o n  f o r  
boundary layer flow by in tegra t ing  the  equat ion  from the  inv isc id  reg ion  to  
the wall. This i s  not only ineffective, but also numerically impossible. 
In  o rde r  t o  avo id  these  d i f f i cu l t i e s ,  we have derived the following scheme 
f o r  the  case  of  la rge  in jec t ion  ra tes :  F i r s t ,  we guess a p r o f i l e  f o r  f . 
From t h i s  guessed p ro f i l e ,  we f ind  w such t h a t  l l ( w  ) = 0 , then w e  choose 
wo as our   s t a r t i ng   po in t  and integrate   the  equat ion from wo t o  0 and 
from w t o  one separately.  The s ta r t ing   va lue  is determined  by  the  condition 
that   the   s lope must be continuous a t  wo , To be more s p e c i f i c ,  l e t  us consider 
the momentum equat ion  (equat ion  for  f ). Let us denote f+ be the   so lu t ion  
f o r  f from wo t o  one,  and f -  be the   so lu t ion   fo r  f from wo + 0 . 
Then, from Eq.  (32) ,  we can write 
0 0 
0 
+ + + +  
f = G1 + Cf G2 + 
- - 
f = G  1 
" + Cf G2 + 
where the  funct ion G+ is  in tegra ted  from 
f ( w o )  
f ( w o )  
wo t o  1 and G- is  in tegra ted  
from w0 t o  0 . From the boundary  condition  f-(o) = 0 and f (1) = 1 , + 
-21- 
I 
So far f (wo) is  still  unknown. In order  to  determine f (wo) , we  invoke  the 
condition  that  the  slope of f at wo must  be  continuous.  Hence,  we  have 
af+  
a w  am " = "  at wo . From  this  relation,  one  can'  find a  expression f o r  
f(wo) in  terms of G I s  and  their  derivative.  Similarly,  one  can  obtain 
solutions f o r  F,  h  and -A 5 '  
-22- 
Section 4 
WSTJLTS 
4 .1  COMPARISONS WITH EXISTING  SOLUTIONS 
I n  o r d e r  t o  e s t a b l i s h  t h e  v a l i d i t y  o f  t h e  s o l u t i o n  b a s e d  on the  present  loca l ly  
nonsimilar method, we w i l l  compare our present solutions with existing numerical  
ones. Figure 2 shows the  to t a l  en tha lpy  p ro f i l e s  for viscous cases a t  s tag-  
nation point.  Comparison i s  made with a detailed numerical  calculation. 
One can see that the agreement i s  excellent in both the enthalpy proqile and radiative 
f l u x  t o  t h e  w a l l .  The  same comparison w a s  made before  in  Ref.  1. I n  t h a t  
comparison, we found the agreement w a s  r e l a t i v e l y  poor. It  has  been  determined t h a t  t h e  
r eason  fo r  t ha t  r e l a t ive ly  poor agreement w a s  due t o  a discrepancy in  the cal-  
culation  of  the  degree  of  ionization. The degree  of  ionization 'p i s  given 
by the following equation: 
The constant a i s  e q u a l   t o  2 i n  Ref. 1, while i n  Ref. 9 the   constant  i s  
equa l  t o  4.5.  The value 4 . 5  i s  found t o  be the  r igh t  one s ince it i s  based  on 
the  cor rec t  s ta t i s t ica l  weight  for  the  n i t rogen  ion .  In  th i s  paper ,  the  cons tan t  
is taken  to  be 4 .5  throughout, except when we make comparisons with the solution 
given by Ref. 1. 
Figure 3 shows the comparison with Olstad's numerical solution (Ref. 2 )  f o r  t h e  
nonradia t ing  inv isc id  case  for  a 45" blunted cone a t  u, = 12.2 km/sec and 
PC0 = 2.88 X 10-7gr/cm3. It is seen that  both the s ta t ic  enthalpy and the 
ve loc i ty  prof i le  g iven  by the present  solut ion are i n  good agreement with numerical 
-23- 
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Fig. 2 Viscous Sta t ic  Entha lpy  Prof i le  a t  Stagnation Point 
V, = 16 km/sec p, = 4.21 X gm/cm 3 Rs = 234 cm 
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ones through the shock layer, except a t  the  w a l l .  The reason f o r  t he  large 
discrepancy of the w a l l  value i s  due t o  t h e  f a c t  t h a t  i n  t h e  p r e s e n t  s o l u t i o n ,  
the  in tegra t ion  of the equat ion did not  carry a l l  the  way t o   t h e  w a l l  because 
of  numerical  diff icul t ies  ( for  detai led discussion see method of solution 
sec t ion) .  The present  method gives a somewhat lower veloci ty  prof i le  as 
r increases;  but one can  see  from t h i s  figure tha t  t he  p re sen t  so lu t ion  is  
everywhere within 10% of  the  numerical  one  for r up t o  4 . A t  th i s   po in t ,  
the  shock angle i s  near ly  a t  i t s  asymptotic Value, and one expec ts  tha t  the  prof i les  
w i l l  change very l i t t l e  from t h i s  p o i n t  on. 
S 
S 
Comparisons a r e  a l s o  made wi th  Ols tad ' s  so lu t ion*  for  a rad ia t ing  inv isc id  
case.   In   this   case,   the   f reestream  condi t ions  are   given as u, = 1.6 km/sec, 
p, = 4.425 X gr/cm3  and the  shock is assumed t o  be given  by  the  following 
equation 
r 2 
z =  
S 
s 1+1.026 rs (40) 
w i t h  shock  nose radius of 0.5 m. To make our  solut ion consis tent  with those 
of Olstad, we have used a perfect gas equation of s t a t e ,  - = p/ps(h/hs), 
instead of the - = p/ps(h/hs) 0*84 r e l a t ion  employed elsewhere  in  our 
ca lcu la t ions .  Care  has  been  taken t o  ensure that  the radiat ion t ransport  
models are e s sen t i a l ly  iden t i ca l  i n  these  two calculations. Unfortunately, 
there  i s  a s l igh t  d i f fe rence  in  the  computa t ion  of t h e  t o t a l  number densi ty .  
In  the  present  ca lcu la t ion ,  the  to ta l  number dens i ty  i s  assumed t o  be given by, 
P 
P pS 
pS 
N = -  P 
t M  
* 
The author  is  indebted  to  Dr. W. B. Olstad for providing the numerical  solutions.  
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PRESENT SOLUTION -*- OLSTAD (Ref. 2) 
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Fig. 3 Comparison of Present  Locally  Nonsimilar  Blunt 
Cone  Solution  with  Olstad's  Streamline 
Marching  Calculation  (Adiabatic  Case) 
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I 
where M i s  the  mass o f  a nitrogen atom, while i n  O l s t a d ' s  c a l c u l a t i o n  
Eq. (41) w i l l  y i e l d  a number dens i ty  somewhat lower than that of Eq. (42) i n  t h e  
stagnation region, but they are approximately equal far downstream from the s tag-  
nation region. Thus our  present  calculat ion w i l l  give a lower radiative flux 
t o   t h e  w a l l  than  tha t  g iven  by Ols tad ' s  ca lcu la t ion  in  the  s tagnat ion  reg ion .  
The  summary of the comparisons for this case are shown in  F igs .  4 t o  6 .  
In Fig.  4, the given shock shape together with the calculated body shape are p lo t ted  
One can see  tha t  t he  body shape given by the present solution agrees very well 
with Olstad 's  solut ion.  The s t a t i c  e n t h a l p y  p r o f i l e s  a r e  compared in  Fig.  5 
for  var ious  r s ta t ions .  S ince  the  va l id i ty  of  Ols tad ' s  so lu t ion  i s  not 
exact ly  known a t  the s tagnat ion point ,  we thus start our comparison a small 
distance away from the s tagnat ion point  ( r  = 0.134). The prof i les  aga in  a re  
i n  very good agreement.  Figure 6 shows the  d is t r ibu t ion  of  the  rad ia t ive  
f l u x  t o  t h e  wall. They a r e  a l l  normalized by the value obtained from Olstad's 
so lu t ion  a t  r = 0.134. The present   solut ion shows a lower  value a t  
r = 0.134  than  Olstad's  value. Again th i s  r e f l ec t s  t he  d i sc repancy  in  the  
computation  of t o t a l  number dens i t ies .  A t  rs = 1.0, the  present   solut ion 
shows a slightly higher value (by approximately 5%) than Olstad's value, and 
a t  r = 3.0,  the present  solut ion again shows lower  value  (by  approximately 
10%). This nonmonotonic behavior seems t o  be strange, but one h a s  t o  r e a l i z e  
tha t  t he  r ad ia t ive  f lux  i s  a very  sens i t ive  func t ion  of s ta t ic  en tha lpy .  
A small change in  the  en tha lpy  p ro f i l e  r e su l t s  i n  a la rge  d i f fe rence  in  
r ad ia t ive  f lux .  In  view of the approximate nature of the present solutions, 
S 
S 
S 
S 
S 
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Fig. 6 Radiative  Heat Flux  Distribution for 45" Blunted Cone, 
u, = 16 km/sec, p, = 4.42 X gr/cm 3 , Rs = 50 cm 
2.8 
and some uncertaint ies  involved in  the Olstad 's  solut ions,  such as in te rpola t ions ,  
i t e ra t ions ,  e tc . ,  the  d iscrepancies  appear ing  in  F ig .  6 seem t o  be e n t i r e l y  
reasonable. From t h i s  comparison wi th  the  bes t  cur ren t ly  ava i lab le  so lu t ion ,  
we have establ ished the val idi ty  of  the present  approximate method i n  t r e a t i n g  
inv i sc id  r ad ia t ing  shock layers. 
To es tab l i sh  the  va l id i ty  of  present  so lu t ions  for  v i scous  cases  (both  rad ia t ing  
and nonradiatingl similar comparisons  should  be made. Unfortunately,  highly 
accurate,  e.g. ,  full  numerical  treatments,  of viscous radiating shock layer 
flows far  from stagnation region are simply not available.  Indeed, even for the 
nonradia t ing  case ,  so lu t ions  for  h igh  Reynolds number shock layer flow away 
from the s tagnat ion region are  unavai lable .  In  order  to  present  a t  l e a s t  some 
qual i ta t ive idea of  the appl icabi l i ty  and val idi ty  of  the present  method f o r  
viscous cases, we w i l l  compare our present work with our previous series solution 
given  in  Ref. 1. The d i f f i c u l t i e s  i n  comparing these  so lu t ions  a re  tha t  in  Ref .  1, 
the  se r i e s  so lu t ion  i s  given for a sphere and the coordinate system i s  body 
oriented.  In  the  present  formulation,  the  coordinate  system i s  shock or iented.  
Therefore, even i f  t h e  same shock shape i s  used in  the  present  ca lcu la t ion ,  the  
calculated body shape may not be exac t ly  a sphere.  Despi te  this  diff icul ty ,  
we f e e l  it i s  reasonable  to  make a comparison near the nose since the body 
obtained from our current solution w i l l  be nearly spherical ,  and the shock is  
nearly concentric with the body. The comparisons of radiative flux to the wall 
and   the   to ta l   en tha lpy   prof i le  a t  8 = 30" are   given  in   Figs .  7 and 8. In  
the present  calculat ion,  the shock shape is  taken exact ly  as t h a t  of i n  R e f .  1. 
The comparisons are based on the assumptions that the body is  a sphere and the 
shock is concentric with a sphere  in  the  reg ion  of  in te res t .  From Figs. 7 and 8, 
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one sees that the agreements are good fo r  bo th  the  r ad ia t ive  hea t  flux d i s t r i -  
but ion and the enthalpy prof i le .  In  Fig.  7, t he  comparison I'or the  rad ia t ive  hea t  flux 
dis t r ibu t ion  for  an  inv isc id  case  is  also presented.  
4.2 TYPICAL  SOLUTIONS 
I n  t h e  las t  sect ion,  we have made comparisons with existing solutions.  Good 
agreement w a s  found f o r  a l l  the cases and therefore we have  reasonably 
e s t ab l i shed  the  va l id i ty  of the present approach for t h i n  shock l aye r  problems. 
I n  t h i s  s e c t i o n  we w i l l  p resent  typ ica l  so lu t ions  for  bo th  the  inv isc id  and  the  
viscous  cases  and make some observations about these solutions.  The da ta  
needed f o r  t h e  c a l c u l a t i o n s  are as follows: 
r 
s 2+1.026 rs 
2 
Shock shape z =  S 
Flight  Conditions u, = 16 km/sec , p, = 4.21 x gr/cm 3 
R = 234 cm , e = 0.057 s 
Transport parameters P r  = 0.72 , Re = 641 - 
Wall Condition H = 0.0385 (constant  temperature) = 0 
W 
The so lu t ions  a re  presented  in  F igs .  9 t o  13. In  F ig .  9, shock  and  body  shape 
a re  p lo t t ed .  From t h i s  f i g u r e  one sees  that  radiat ion cool ing does not  change 
the  body shape too much. Also, the  v iscous  e f fec t  on the  body shape is  neg- 
l i g i b l y  small. Figure 10 shows the  s t a t i c  en tha lpy  p ro f i l e  ac ross  the  
shock l aye r  fo r  i nv i sc id  cases .  Comparing the  rad ia t ing  prof i le  wi th  the  
nonradiating one, we see  tha t  fo r  t he  p re sen t  f l i gh t  cond i t ion ,  subs t an t i a l  
-34- 
3.2 
2.8 
2.4 
2.0 
r 
1. e 
1.2 
0. 
0.4 
0 
SHOCK / /  
0 RADIATING CASE 
I I I I 1 
0.4 0.8  12 1.6 2.0 
Z 
Fig. 9 Shock  and Body Shapes,  U, = 16 m/Cm, 
p, = 4.21 x gr/cm3, Rs = 234 cm 
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Fig. 10 Inviscid Stat ic  Enthalpy Profi le  
u,= 16 km/cm, p, = 4.21 X gr/cm 3 , 
Rs = 234 cm 
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." . . 
cooling i s  experienced through the shock layer. The nonradiat ing prof i les  
shovr the groving of the entropy layer,  lrhile the radiating profiles shot7 no 
entropy layer.  The entropy layer,  therefore,  i s  being destroyed by rad ia t ive  
cooling. A t  far dolmstream, the  rad ia t ing  en tha lpy  prof i le  ind ica tes  that the  
shock layer is nearly isothermal.  
Figure 11 shorn the  s t a t i c  en tha lpy  p ro f i l e s  for viscous cases. The p r o f i l e s  
are d i f f e r e n t  from tha t  o f  i nv i sc id  cases  on ly  in  the  r eg ion  nea r  t he  1.7all. 
This is  because the Ira11 is  cold, and boundary layer effect brings down t h e  gas tem- 
perature near the 17all. The e f f e c t  o f  t h i s  boundary l aye r  on the  
rad ia t ive  flux t o  t h e  wall will be d iscussed  la te r .  The t angen t i a l  ve loc i ty  
p ro f i l e s  a re  sho1.m i n  Fig. 12. By comparing the  p ro f i l e s  fo r  r ad ia t ing  cases  
and that of nonradiating ones,  Ire found the effect  of  radiat ive cool ing on the  
ve loc i ty  prof i les  i s  indeed small. This  impl ies  tha t  the  e f fec t  o f  rad ia t ive  
cooling i s  mostly  thermodynamical, rather than dynamical. The same conclusion 
has been obtained i n  Ref. 1. The sur face  rad ia t ive  flux d i s t r ibu t ion  a long  the  
body i s  p lo t ted  in  F ig .  13. The f l u x  i s  normalized by the inviscid value at 
s tagnat ion point .  We f i n d  tha t  the  e f f ec t  of v i scos i ty  a t  the stagnation point reduces 
the  r ad ia t ive  f lux  by approximately 5%. Far avay from the stagnation point, 
hoprever, the viscous flux approaches the inviscid value.  This is due t o  t h e  
relat ive thinning of  the boundary l aye r  far from the s tagnat ion point .  Hence 
the  f l0187  becomes dominated by the inviscid s t ructure .  For  the conical  body 
s tudied,  the effect  of  the viscous flow on the rad ia t ive  flux t o  the wal is 
small. A similar conclusion has been obtained previously for the flow past  a 
sphere  in  Ref. 1. 
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Fig. 11 Viscous S ta t ic  Entha lpy  Prof i le  for a Blunted Cone 
U, = 16 b/cm, p, = 4.21 x gr/cm , Rs = 234 cm 3 
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Fig. 12 Viscous Velocity Profile f o r  a Blunted Cone 
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Fig. 13 Radiative  Heat  Flux  Distribution for a Blunted  cone  at 
U, = 16 h/sec, p, = 4.21 x lom7 gr/cm , Rs = 234 cm 3 
4.3 VISCOUS NONRADIATING CASE WITH SURFACE MASS INJECTION 
I n   o r i e r   t o  show the  f eas ib i l i t y  o f  t he  p re sen t  method in  handl ing  a la rge  
surface mass inject ion condi t ion,  we have obtained a so lu t ion  fo r  t he  case  of 
cons tan t  in jec t ion  rate. The shock  shape,  the  f l ight  conditions,   and  the  trans- 
port  parameters are the same as given i n  t h e  las t  sect ion.  However, we  have 
no t  cons ide red  r ad ia t ive  t r anspor t  fo r  t h i s  problem. The only difference i s  
tha t   i n   t he   p re sen t   ca se  Tw = -0 .1 instead  of T = 0 . This means tha t  
a t  w a l l  there  i s  mass in j ec t ion  a t  a constant rate of 10% of the freestream 
W 
mass flow. Note t h a t  no d i f fus ion  mechanism i s  allowed in  the present  formulat ion.  
Therefore, the injected gas i s  assumed t o  be the same as that of the freestream. 
The resu l t s  a re  presented  i n  Figs.  14 t o  16. Resul ts  for  the nonradiat ing 
inv isc id  and viscous cases are also presented in those figures for comparison, 
The calculated body shapes are shown i n  F i g .  14, as one would expec t  tha t  the  
e f fec t  o f  the  sur face  mass in j ec t ion  i s  t o  increase the shock layer  thickness  
In  the present  10% blowing case, the shock layer thickness increases substantially 
over the nonblowing cases,  especially in the off-stagnation region. In Fig.15, 
ve loc i ty  prof i les  a re  presented .  We see that  the viscous layer  has been  blowing 
off  the w a l l ,  and it moves fur ther  in to  the  inv isc id  por t ion  of  the  shock layer  
as the flow moves around the body. By comparing the blowing profiles with 
those from a nonblowing calculat ion,  we see  tha t  the  ve loc i ty  grad ien t  at the  
wall and therefore  the skin fr ic t ion,  i s  reduced substantially by the  mass 
in jec t ion .   F ig .  16 shows the   s t a t i c   en tha lpy   p ro f i l e s .  Again,  by  comparing 
the blowing case with nonblowing cas; we see the effect  of the blowing is  t o  
reduce the convective heat f lux a t  the w a l l ,  The e f f e c t  of blowing on hea t  f lux  
i s  more d ra s t i c  t han  the  e f f ec t  on skin fr ic t ion.  In  the present  case,  the 
convect ive heat  f lux is reduced to  prac t ica l ly  zero .  
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Fig. 1 4  Shock  and Body Shapes f o r  a Blunted Cone wi th  10% 
Sur face  Mass I n j e c t i o n .   A d i a b a t i c  Case. 
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Section 5 
CONCLUDING REMARKS 
Locally nonsimilar solutions have been obtained f o r   t h i n  shock layers about 
axisymmetric bodies. Comparisons with existing numerical  solutions were made 
for  inv isc id  nonradia t ing  as well as radiating cases. For viscous cases, due 
to  the  lack  of  ava i lab le  numer ica l  so lu t ions ,  we have compared our present 
solutions only with the series solut ion near  the nose region of a blunt body. 
The agreement i n  a l l  these comparisons was found t o  be good. Therefore, the 
va l id i ty  of  the  present  so lu t ions  have been reasonably demonstrated. 
Resul t s  a re  a l so  presented  for  cons tan t  sur face  mass inject ion cases .  Although 
no comparison i s  made (again due to  the lack of  avai lable  numerical  solut ions)  
f o r  mass in jec t ion  cases ,  the  resu l t s  appear  to  be physically reasonable. The 
proper behavior of the solution suggests the applicabili ty of the present method 
t o  t h e  mass inject ion case.  It should be noted, however, tha t  s l igh t  modi f ica t ions  
in  the formulat ion are needed t o  handle the case of va r i ab le  in j ec t ion  r a t e s .  
Based on the  present  resu l t s ,  we can draw the following conclusions: 
(1) In the case of strong radiative cooling, such as presented  in  th i s  repor t ,  
the  inviscid shock layer  i s  nearly isothermal a t  a distance far from the s tag-  
nation point; (2)  the shock layer  thickness  grows faster than the boundary 
layer  thickness  as the  flow  flows  around  the body, therefore  the  viscous 
e f fec t  decreases ,  o r  the  re la t ive  boundary layer thickness decreases as the  
flow flows around the body; ( 3) the  r ad ia t ive  flux t o  t h e  wall is  reduced by 
-45- 
less than 10% ( f o r  the present  flight  conditions)  at the stagnation  point  due 
to viscous  cooling.  At  distances far from stagnation point, the viscous  rad- 
iative flux to the wall approaches that of inviscid  cases; (4) the  effect of 
radiative  cooling is mostly thermodynamical rather than fluid  dynamical. 
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APPENDIX I 
The  Thin  Shock  Layer  Approximation  and  the  Maslen's 
Approximation  at  the  Stagnation  Point 
In this  appendix,  ve  will  show  that  at  the  stagnation  point,  the  Maslen 
approximation  is  consistent  with  the  thin  shock  layer  approximation.  We  start 
with  the  inviscid 5 and 7 momentum  equations  at  the  stagnation  point. 
They  are 
2Vf - - f = -247f - 1 E) df 2 
d7 5 d5 
The  notations in Eqs. (Al) and (A2) are  the  same  as  that  defined  the  text. 
In the  case  of  Maslen's  approximation, f is  assumed  to  be  equal  to  unity  in 
the  right  hand  side  of  both Eq. (Al) and  Eq. (A2). Now, by  using  the  relation 
that  at  the  shock Ps =1-u = 1 - s2 . Equation  (Al)  may  be  written  as  follows: - 2  
S 
27f - - f = - 2e(  l+Tf - fd7) df 2 
d7 f- z 
Equation  (A3)  under  Maslen's  approximation  is  simply 
27f"f = -  3e df 2 a7 
The solution to Eq. (A4) , subject 
is 
(A4) 
to  the  boundary  conditions: f = 1 at = $ , 
(A51 
We F r i l l  now show  that  the  solution  to  Eq. (A3) up  to  the  order  of c is 
identical  to  Eq.  (A5). 
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Let us d i f f e r e n t i a t e  Eq. (A3) wi th  respect  to  7 . We found tha t  the  equat ion  
is  then reduced t o  
Applying the boundary condition a t  7 = 3 , f = 1 and  from Eq. (A3) ,  we obtain 
the  condi t ion a t  7 = 3 , = 1 - 3 ~  .df 
Hence, from Eq. (A6),  we have 
NOW define a new variable  u) such t h a t  
" dl - f 
dw 
and le t  w = 0 at 1 = 0 and u) = w0 at  7 = where w i s  ye t  unknown. 
0 
The s o l u t i o n  t o  Eq. (A7) and (A8) ,  sub jec t  to  the  condi t ion  tha t  7\ = 0 , 
w = 0 and = w f = 1 is simply 
0 
1 - 2 ~  1-3s f="- 
G E exp ( d w o - w )  1 (A91 
The constant w is  t o  be determined  from  the  condition  that I = &  at 
w = w . Thus we have the   r e l a t ion  
0 
0 
NQW, f o r  ewe<< 1 , the exponential term can be  expanded  and  Eq. (All) becomes 
1- 1-2E ; 2  (yh0 1-3E [1 - 1 - €wo - -@ 1 2  wo 2 - 0 ( E  3 3  wo ) I  
e 
2 
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or ,  1 
W o r  - 
1+ac 
Also, Eq. (Ag) and ( A l O )  can be expanded as 
f="- 1 - 2 ~  1 - 3 ~  
E E C l + C ( W  0 'W) + 0 (E2)] 
After  using Eq. (U),  we obtain 
f = (1-~G)W + f i e + O( G)  
q = 5(1-3e)w2 + &cw + O( EUI 3 ) 
and from Eqs. (Al3) and (A lb ) ,  we a r r i v e  at t h e  f i n a l  r e s u l t  
f = d 2 ( 1 - 3 ~ ) 7 ) + 3 ~  + O( E) (a51 
Ire see tha t  t h e  s o l u t i o n  t o  Eq. (A3)  is i d e n t i c a l  t o  t h e  s o l u t i o n  t o  Eq. (Ab) 
up t o  o r d e r  of G . Therefore, we conclude that Maslen's  approximation is  
cons i s t en t  v i th  the  th in  shock layer approximation. 
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